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Abstract. We study the adsorption of a charged polymer chain (polyelectrolyte) grafted to an
oppositely charged surface by means of an off-lattice Monte Carlo simulation. We consider the
effects of chain ionization, surface charge density, and solution ionic strength on the conformational
and interfacial properties of the model system. By varying the chain length of the polyelectrolyte
over a broad range we determine the critical parameters for adsorption and find a very good
agreement with recent scaling predictions for polyelectrolyte adsorption in the various regimes
of chain ionization and salt content of the solution.

1. Introduction

Polyelectrolyte adsorption on charged surfaces is nowadays widely used in industrial
applications. Many colloidal suspensions, for instance, can be stabilized by the adsorption of
polyelectrolytes. Surfactant monolayers and bilayers at interfaces are usually charged too, due
to the dissociation of ionogenic chemical groups. The interaction of long oppositely charged
macromolecules (polyions) with the surface can dominate over the other non-electrostatic
interactions and determine the grafted polyion conformation.

Being a problem of both fundamental and practical interest [1], the adsorption of poly-
electrolyte molecules onto oppositely charged surfaces has been studied intensively in recent
years by means of analytic treatments [2–6], theoretical approaches, such as numerical
solutions of mean-field models [7–11], and Monte Carlo simulations [12–15]. A number
of experimental techniques like spectroscopy [16] and ellipsometry [17] have been used to
measure the widths of adsorbed layers, and even entire profiles of the adsorbed layers have
been measured by means of neutron scattering techniques [18,19].

However, despite these intensive investigations the full picture of polyelectrolyte
adsorption on charged surfaces is still far from complete, due to the delicate interplay between
chain interconnectivity and the long-range nature of the electrostatic interactions [20–22] as
well as to the existence of several length scales [6]. In fact, the Monte Carlo simulations
of Beltran et al [14] and Kong and Muthukumar [15] seem to be the only studies of the
conformations of isolated polyelectrolytes in the vicinity of a charged surface which provide
results beyond the level of mean-field arguments. It should be noted, however, that these
studies use the Debye–Hückel approximation (as also the present simulation does). Thus only
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the fluctuations in the chain conformation and not those in the counterion distribution are taken
into account.

Meanwhile, a scaling theory of conformation of a weakly charged polyelectrolyte molecule
attached to a charged surface, developed by Borisovet al[4], has led to the proposal of a number
of distinct regimes of adsorption depending on the strength of electrostatic attraction to the
substrate. The chain is stretched by its intramolecular Coulombic repulsion, and aligned with
respect to the surface. Its size perpendicular to the surface depends on the charge parameters
and the chain lengthN as power laws with characteristic exponents. This theory is restricted to
the limit of weak screening of the Coulomb interactions, corresponding to the limit of extreme
dilution, such that the counterions of the chain may be considered as infinitely far away,
and no salt ions are present. Albeit experimentally hardly accessible, this case represents a
well-defined physical situation where the behaviour of the system is particularly simple.

In the present investigation we use an efficient off-lattice Monte Carlo simulational method
to test these recent predictions of scaling analysis with respect to conformational and interfacial
properties, and establish the critical adsorption conditions. We vary the surface and polymer
charge density, the Debye–Hückel screening length, and the length of the polyion over a rather
broad range (N 6 512), and as a result we are able to confirm the majority of the theoretical
results.

2. The model

We use a three-dimensional off-lattice bead–spring model [23] for a polyelectrolyte chain
grafted at one end to an infinite plane surface, as seen in a snapshot in figure 1.

Figure 1. A typical configuration of a non-adsorbed polyelectrolyte chain of lengthN = 128
grafted to an oppositely charged surface. The linear charge density of the chain isq = 0.1
elementary electrostatic units per bead. The planar charge density isσ = 0.01 elementary
electrostatic units per unit area in the absence of salt.
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The coarse-grained polymer chain consists ofN beads/monomers which are successively
connected by spring bonds using a finitely extensible non-linear elastic (FENE) potential:

UFENE = −κ
2
R2 ln

[
1−

(
l − l0
R

)2
]

(1)

wherel is the bond length,R = lmax − l0, while l0, lmax , andlmin are the equilibrium value
of the effective bond length, and its maximum and minimum values, respectively, such that
lmin < l < lmax andlmin = 2l0 − lmax . As in most studies using this model, we setlmax = 1
which is taken as the elementary unit of length in the simulations,lmin = 0.4, andl0 = 0.7.
The strength of the spring constantκ is fixed atκ = 40 (in units ofkBT ), and all simulations
have been run atkBT = 1.

The non-bonded excluded-volume interactions among the beads are described by the
Morse potential

UM(r) = ε[exp(−2α(r − rmin))− 2 exp(−α(r − rmin)) + 1] r < rmin (2)

wherer is the distance between the centres of the beads. The potential (2) is cut at its minimum
point rmin = 0.8, and shifted upward by the valueε = 1 so that atrmin it becomes equal to
zero. This eliminates the attractive part of the Morse potential and ensures a good solvent
regime for the polymer chain.

The parameterα = 24 is the same as in a number of previous simulations where this
polymer bead–spring model has been used extensively [24]. With this choice of parameters of
the potentials, equations (1) and (2), the effective radius of the bead is large enough to ensure
that chains do not intersect.

The electrostatic interactions which act between two beads are described by a repulsive
Debye–Ḧuckel potential which accounts for the electrostatic screening due to the presence of
salt in the solution:

UDH(r) = Aq2 exp(−Kr)
r

. (3)

The physical meaning of the parameters in equation (3) is as follows.A = lBkBT represents
the dielectric properties of the medium wherelB = e2/(4πεkBT ) is the Bjerrum length in SI
units (the other quantities have their usual meaning) which in our simulations is kept equal
to the equilibrium bond lengthlB = l0 = 0.7. K2 = lBI expresses the ionic screening
of the solvent, characterized by its ionic strength (salt concentration)I . We varyK from
K ≈ 1/(Nlmax) toK = 2.0 so that we study all of the regimes from a complete non-screening
one with Debye length 1/K � Nlmax down to strong screening with 1/K < l0. Finally, the
linear charge densityq takes it into account that not necessarily every monomer is charged.
Our model distributes the charge homogeneously over the chain, such thatq is the (fractional)
charge on the bead (q = 1/m, wherem is the number of neutral monomers between the
charged beads along the chain)—at least for weakly charged polyelectrolytes this is a valid
procedure [25]. In our simulations we variedq in the interval fromq = 0.1—weakly charged
chains—toq = 1.6—strongly charged chains.

The plane surface in our simulations is oppositely charged to the chain, so it attracts the
beads of the chain with a potential that is an integral of the Debye–Hückel potential over an
infinite plane. At distancez from the plane one has

US(z) = σAq

2

exp(−Kz)
K

US(z) = −σAq
2

(
z− Kz

2

2
+
K2z3

6

)
K < 0.001 (4)

whereσ is 4π times the planar charge density of the surface and varies fromσ = −10−5 to
σ = −10. To avoid the singularity ofUS atK → 0, we use the Taylor expansion for small
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K and cancel the first constant term (σAq/2K) which gives no contribution to the attractive
force between the plane and the beads.

We consider here only the screening due to salt. In physical reality, there is however also
screening by counterions, both of the chain and of the surface. The chain counterions may be
neglected since we are considering only a single chain in semi-infinite space, such that they
move infinitely far away. The surface counterions are distributed inhomogeneously near the
surface, with a characteristic decay whose length scale is given by the Gouy–Chapman length
λ ∼ 1/lBσ . As long as the chain extent in thez-direction is small compared toλ (and this
occurs for sufficiently smallσ ), the surface counterion screening may be neglected as well [4].
Therefore equation (4), which, atK = 0, describes a homogeneous electrostatic field, is a
good approximation of the ‘real’ potential for the range of parameters considered.

3. Simulation technique

We used the Metropolis Monte Carlo method, as described for this model in detail by Gerroff
et al [23], with the following modifications:

(a) Since one of the chain ends is grafted to the plane surface, the system is localized in space
and the use of periodic boundary conditions is not necessary.

(b) Because of the long-range electrostatic interactions one needs to calculate the potential
energy of every pair of beads and of each bead with the planar surface. Our tests show that
for a small system like a single chain withN 6 512 the fastest procedure is to calculate
its energy by direct counting of all of the pair energies of the beads.

(c) In order to generate uncorrelated polymer configurations we use the efficientpivot
algorithm [26]. We select two beads of the chain that form a rotational axis and rotate by
a random angle either the chain part between them, or the part between the free end
of the chain and the nearest of the selected monomers. Instead of using the slower
procedure of Stellman and Gans [27] to correct the accumulating numerical error in off-
lattice applications of the pivot algorithm, we apply a number of local moves in addition
to a pivot rotation. This, on one hand, keeps the chain elastic, and, on the other hand,
automatically corrects the numerical errors in the pivot rotation coordinates.

However, the bond links, which are influenced by the local moves only, relax slowly to
their equilibrium length, eventually affecting the estimated size of the chain as a whole. Thus
one needs a fast method that can generate initial chain configurations with already equilibrated
bond lengths. To this end we apply theenhanced configurational biased[28] Monte Carlo
method. The chains are then constructed by taking it into account that the bond lengths
l between the successive beads along the chain are distributed with the proper Boltzmann
probability, corresponding to the bond potentialUFENE . Although the configurational biased
Monte Carlo method is not appropriate for the simulation of long-chain molecules, it happens
to be good for generating initial configurations close enough to the thermodynamic equilibrium
configurations, so the equilibration time can be decreased significantly.

Therefore our simulation procedure is as follows:

(a) For each system we start with about 100 configurational biased Monte Carlo steps which
generate a chain of lengthN with equilibrated bond lengths.

(b) We use a repeated sequence of one pivot with eight local move Monte Carlo steps for
a certain period of time of about 1000 sequences to equilibrate the conformation of the
chain without performing any measurements.

(c) We continue with 1+8 sequences performing measurements after each pivot Monte Carlo
step for a period of 103–104 sequences.
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With the help of this technique we were able to study strongly charged polyelectrolytes with
chain lengths of up toN = 512 monomers.

Such a complex simulation technique cannot be used without a proper test of its reliability
and statistical correctness of the results. ForN = 64, the local move Monte Carlo method
is still feasible. We could therefore compare the results for various quantities (like the bond
length, the end-to-end distance, the distance of the last monomer from the surface, etc) for
both methods, and found complete agreement within statistical error bars. However, the pivot
method is much more efficient: While a sweep over 25σ -values required a total of 90 h of
CPU time on an ALPHA DIGITAL AS8400/440MHz workstation for the local move method,
the pivot method permitted us to obtain data of the same quality within just half an hour of
CPU time.

Finally we should point out that the pivot technique fails when the chain is adsorbed and
lies on the surface. To avoid this problem we introduced another type of rotation around an
axis passing through a random bead of the chain and perpendicular to the surface, since the
acceptance rate of trial 2D rotations is an order of magnitude larger than that of 3D pivot
moves. Thus 2D rotation is mixed at random with 3D rotation, described above, ensuring an
average acceptance rate of≈0.4 in the pivot algorithm.

4. Predictions of scaling analysis

4.1. Bulk behaviour

Here we briefly recall the main results of the scaling theory [4], describing the conformation
of a weakly charged polyelectrolyte molecule attached to a charged surface. In this theory
one considers single chains immersed in a salt-free solvent. Due to the long-range character
of the electrostatic interactions the chain becomes stretched and oriented, whereas without
electrostatic interactions it would be coiled.

In the absenceof a charged substrate the equilibrium end-to-end distanceH = H0

of a single charged macromolecule is determined by the competition between the force of
intramolecular Coulomb repulsion of charged monomer units,fel , and the entropic force of
chain elasticity,fconf :

fel ≈ kBT N
2q2lB

H 2
fconf ≈ kBT

l

(
H

Nl

)ν/(1−ν)
. (5)

The balance of these two forces leads [29] to linear growth of the end-to-end distanceH0

with N :

H0 ≈ Nl
(
q2 lB

l

)(1−ν)/(2−ν)
(6)

provided thatN2q2lB � Rg whereRg = lNν is the size of the coil, unperturbed by the
electrostatic interactions.

In the framework of a blob picture, the polyelectrolyte molecule adopts a cigar-like form
which can be presented as a succession ofNb blobs, each of sizeξ0 ≈ kBT /fel , so with
Nb ≈ N/(ξ0/l)

1/ν the mean end-to-end distance (and the radius of gyration) is given by
H0 ≈ Nbξ0, while the dimensions of the chain perpendicular to the end-to-end vector scale as
R⊥ ≈ N1/2

b ξ0.
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4.2. Pre-adsorption

In the presence of a weakly charged attractive plane with a forcefz acting on the poly-
electrolyte chain, forH0fz > kBT a reorientation of the cigar-like polyion occurs whereby its
conformation becomes randomly oriented in the half-space above the surface, being frequently
nearly parallel to the plane, so the heightHz of the chain free end is diminished. In this regime,
termedpre-adsorption, the average dimension of the chain in thez-direction decreases with
increasing surface charge densityσ like

Hz ≈ kBT

fz
≈ 1

|qσ |lBN (7)

while the chain longitudinal dimensions remain equal toH0. This decrease of the height,
Hz ∝ 1/σ , continues as long asHz > R⊥.

4.3. Weak compression

Upon further increase ofσ the chain becomes laterally compressed by the electrostatic force
on scales smaller thanR⊥ but larger thanξ0. The entropic force due to compression in the
z-direction is given byfconf ≈ kBT Nbξ2

0/H
3
z and the balance with the compressing electro-

static force,fz = −qσNlBkBT , results inHz ∝ σ−1/3. The thickness of the adsorption
layer formed by the polyelectrolyte molecule at the surface is thus expected to decrease with
σ , until Hz falls below the electrostatic blob sizeξ0, while atHz ≈ ξ0 the chain acquires a
two-dimensional conformation completely spread on the surface. In fact, the pointHz ≈ R⊥
can be viewed as the onset of the adsorbed state, since at higher surface charge densitiesHz
becomes independent ofN .

4.4. Strong compression

Further increase in the surface charge densityσ (and in the attraction force) deforms the
electrostaticξ0-blobs themselves into adsorption blobs of sizeHz, so the chain part inside such
a blob retains excluded-volume statistics unperturbed by the electrostatic interactions. Since
the charges within each blob interact with the surface with an energy≈kBT , the blob size
(and the adsorption layer thickness) is given byHz ≈ l(|σq|lB l)−ν/(1+ν). Eventually, upon
still further increase ofσ , the charges on the chain are expected to become screened by the
counterions at the surface from the surface potential, so the thickness of the adsorption layer
becomes independent ofσ .

In the case of a very weakly charged chain, which in the bulk is unperturbed by Coulomb
interactions, the variation ofHz with σ is governed by the deformation of a three-dimensional
into a two-dimensional coil, consisting of adsorption blobs of sizeHz and beginning at
fzRcoil ≈ kBT . According to Borisovet al [4], one observes in this case a single crossover
regime with slope−ν/(ν + 1), spanning the two intervals of no adsorption and very strong
adsorption in whichHz does not change upon variation of the surface densityσ .

Figure 2 summarizes the scenario outlined above.

5. Simulational results

5.1. A polyelectrolyte chain in the bulk

We first examine the simplest case of salt-free solution and vanishing surface charge, in
which case the chain dimension should be given by equation (6), for sufficiently long chains.
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H z
H 0

preadsorption

H z

H z

weak compression: onset of adsorption

strong compression: adsorption

(a)

H z
H z

-1

-1/3

σσ

ν
1+νν

1 + ν

ν=1/2
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ξ0

a

R

R g

strongly charged polyion weakly charged polyion

(b)

Figure 2. (a) A schematic representation of the adsorbed polyion as a sequence of electrostatic
blobs for different strengths of the Coulombic surface potential. (b) Different scaling regimes for
a strongly and weakly charged polyion.

(This figure can be viewed in colour in the electronic version of the article; seewww.iop.org)

Figure 3(a) presents the ‘raw data’ for the dependence on the linear charge densityq. For
longer and longer chains the power-law exponent evidently saturates at the asymptotic value
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Figure 3. (a) The scaling dependence of the dimensionless distanceH0/l on the linear charge
densityq for charged macromolecules of different lengthsN in the bulk atK = 0. The variation
of the measured exponentx in the power lawH0/l ∝ qx with the inverse chain length is shown
in the inset. The horizontal line marks the predicted value ofx = 2(1− ν)/(2− ν) ≈ 0.583 [4].
(b) The variation of the reduced end-to-end distanceH0/lN

ν with N = 32, 64, 128, 256 with the
generalized charge strengthx = Nν(q2/l)ν/(2−ν), equation (8), in the absence of salt, and for zero
surface charge density. The linear charge densityq is given as a parameter. Dashed and dotted
lines denote the limiting scaling behaviour.

of x = (2− 2ν)/(1− ν). In order to study also the crossover to self-avoiding-walk statistics
for short chains and/or weak charge, we plot in figure 3(b) the dimensionless ratioH0/(lN

ν),
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i.e. that between the chain’s actual size and its unperturbed size for zero charge. The proper
scaling argument is the ratio between unperturbed chain size and electrostatic blob size,
i.e. H0 = lNνF(Nν(q2lB/ l)

ν/(2−ν)). From the requirementH0 ∝ lNν for q → 0, and
H0 ∝ lN for largeq, one gets forF(ζ )

F(ζ ) ∝
{

constant ζ → 0
ζ 1/ν−1 ζ � 1.

(8)

This behaviour is indeed observed (some scatter in the data is presumably due to corrections to
scaling which are important for the shorter chain lengths,N = 32, 64). It should be noted that
the measured values ofH0 are divided here by the actually measured bond lengthl in order
to take into account its systematic increase withq, amounting to up to 10% for the strongest
charge.

5.2. A polyelectrolyte chain near an oppositely charged surface

In figure 4 we show the measured variation ofHz, the chain free-end distance from the charged
plane, withσ , the surface density, which is here varied over more than five orders of magnitude,
for different values of the screening parameterK. Evidently, all data forK → 0 saturate to a
single curve that corresponds to the unscreened Coulomb interaction regime,K = 0. In this
regime the data confirm rather well the expected behaviour in the regimes of pre-adsorption,
section 4.2, and strong compression, section 4.4. For a strongly charged chain withN = 256
(figure 4(a)), atK → 0, the sampledHz-versus-σ relationship matches closely the slopes
of −1 (‘pre-adsorption’), and of−ν/(ν + 1) ≈ −0.37 (‘strong compression’), considered in
section 4. The only regime which is not observed here is the intermediate slope of−1/3 in
between these two regimes. This transitional regime, if it exists, is masked by the curvature of
the crossover region. The proximity of its exponent(−0.33) to that of the strongly adsorbed
macromolecule(−0.37) gives little hope that it can be unambiguously established. One also
cannot rule out a possible ‘finite-size’ effect due to insufficient chain length, although with
N = 256 the other regimes are observed clearly. For a weakly charged chain, it is evident from
figure 4(b) that atK → 0 the expected behaviourHz ∝ σ−ν/(ν+1) is very well established. As
the screening parameterK grows, the transition from the non-adsorbed to the adsorbed state
becomes steeper; see figure 4.

It is instructive to take a closer look at the case of completely unscreened electrostatic
interactions,K = 0, using the relative heightHz/Rg of the chain, whereRg is the gyration
radius. In the pre-adsorption regime, equation (7) states thatHz ∝ 1/(|σ |N), whileRg ∝ N ,
soHz/Rg ∝ (|σ |N2)−1. Thus one may expect that the plot ofHz/Rg versus|σ |N2 should
give a region where the data for chains of equal charge densityq, but different chain lengths
N , should lie on a single master curve, which would mark the pre-adsorption regime. The data
for the shorter chains with a smaller pre-adsorption region would leave the curve sooner on
the right-hand and left-hand side, while the larger-chain data would stay on the pre-adsorption
curve longer. This behaviour is indeed observed in figure 5(a) forq = 1.6 and 0.4. To
be consistent with the transition plots of figure 5 and because of the fact that the measured
quantities are〈H 2

z 〉 and〈R2
g〉, we have plotted in a semi-log plot the ratioH 2

z /R
2
g versus|σ |N2

(but not versus(|σ |N2)2, because the log scale of thex-axis only turns the squaring of(|σ |N2)

into a prefactor of two). However, for weakly charged chains (q = 0.1) no master curve is
found, which is readily understood by remembering that sufficiently weakly charged chains
do not exhibit a pre-adsorption regime (see section 4.4 and figure 4(b)). In that case, one
only has the strong-compression regime, in which the electrostatic blob size is identical with
Hz ∝ |σ |−ν/(1+ν). Building up the adsorbed chain from the blobs, one finds a scaling argument
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Figure 4. The distanceHz of the free end of a chain withN = 256 from the plane surface versus
the surface charge densityσ for a set ofK-values. (a) A strongly charged chain (q = 1.6) and
(b) a weakly charged chain (q = 0.1). Straight lines denote the expected scaling behaviour [4] at
K = 0.

N |σ |1/(1+ν) or |σ |N1+ν , verified in the inset of figure 5(a).
The progressive growth of the pre-adsorption regime with the gradual increase of the charge

strength of the chain is demonstrated by figure 5(b). An increase in the linear charge density
q results in a decrease of the electrostatic blob size, as discussed by Borisovet al [4], which
in turn increases the number of blobs and is manifested by the formation of a well-established
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Figure 5. (a) The variation of the ratioH 2
z /R

2
g with σN2 for three different linear charge densities

of the polyion,q = 0.1, 0.4, 1.6. The inset gives the ratioH 2
z /R

2
g for q = 0.1 versusσN1+ν .

(b) The variation ofHz with σq for a polyelectrolyte chain withN = 256 monomers. Both plots
are atK = 0.
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pre-adsorption regime.
The crossover of the state of the charged coil from a non-adsorbed into a strongly adsorbed

one can also be characterized by an effective exponentνeff , describing how the chain gyration
radiusRg scales with chain lengthN ,Rg ∝ Nνeff . This is illustrated in figure 6 where one can
see that, for largeK = 2.0, 1.0, there is a clear transition from three-dimensional behaviour
with νeff = 0.62–0.65 (a value slightly larger thanν3d = 0.588 due to the existence of chain
chargeq 6= 0) of a desorbed chain toνeff = 0.76–0.78 in the adsorbed regime, characterized
by ν2d = 3/4. If the electrostatic interactions become progressively unscreened by decreasing
K (and thus increasing the Debye length), this crossover is gradually levelled off and practically
disappears atK = 0.0156, q = 0.4. In the latter regime of nearly pure Coulomb interaction,
the chain is stretched in both the desorbed and the adsorbed state, and therefore no change in
the exponentνeff ≈ 1 is observed.
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Figure 6. The variation of the effective Flory exponentνeff with the surface charge densityσ for
different values of linear charge densityq and screening parameterK, given in the figure.

5.3. The adsorption transition

As long as the Debye screening parameterK is finite, the chain will asymptotically (i.e. for
sufficiently long chain lengthN ) behave like a neutral chain, i.e. it will obey self-avoiding-walk
statistics in the absence of the attractive surface. Since, forK > 0, the attraction potential is
also short ranged, one has just the well-known case of adsorption with short-ranged attractive
interactions [30]. The adsorption transition then becomes a sharp second-order thermodynamic
phase transition which occurs at a well-defined valueσ = σc (note that increasing the surface
attraction is equivalent to lowering the temperature, in terms of which the transition is usually
discussed). Of course, a sharp transition is only possible in the thermodynamic limitN →∞,
i.e.σc cannot depend on the chain length.

In order to determine the asymptotically sharp valueσc, we employ finite-size scaling
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by studying the variation of the ratioH 2
z /R

2
g (which can be viewed as a critical amplitude

ratio) with σ . For desorbed chains,|σ | < |σc|, one would expectHz/Rg = constant in the
thermodynamic limit. However, for finite chains the ratio will slightly grow upon decreasing
|σ |, as the polymer ‘mushrooms’ get deformed due to entropic repulsion from the wall. On the
other hand, in the adsorbed stateHz should be independent of chain lengthN , such that the ratio
H 2
z /R

2
g → 0 whenN →∞. This decrease of the ratio becomes sharper and sharper whenN

is increased. Forσ = σc the curves corresponding to different chain lengthsN should intersect
in a single point which is identified as the critical point at which the adsorption occurs. And
indeed, by varyingσ over three orders of magnitude—figure 7(a)—this expected behaviour
ofH 2

z /R
2
g can be clearly demonstrated for various large values of the inverse Debye screening

lengthK = 2.0, 1.0, 0.5, 0.25. From figure 7(a) it is thus evident that the critical surface
charge densityσc may be reliably determined as long asK is sufficiently large.

For larger screening lengths, one needs longer and longer chains in order to observe the
correct asymptotic chain statistics. Nevertheless, also in this case one will ultimately have a
well-defined adsorption transition at a finite valueσc independent of the chain length, although,
due to the limitations in our computer resources, we were not able to resolve it reliably forK

smaller than 0.25. Since an infinite Coulomb chain isalwaysadsorbed, one obviously must
haveσc → 0 forK → 0. This behaviour is shown in figure 7(b) in a log–log representation.
We find a power law whose effective exponent gradually decreases with charge densityq,
i.e. |σc| ∝ K2.8 for q = 0.1 while |σc| ∝ K2.4 for q = 1.6. It should be noted that this
K-dependence is similar to the exponents predicted by Muthukumar [3, 15] (K3 andK11/5

in various regimes). However, this analytical study also predicts a chain-length dependence
of the critical adsorption parameter. In our opinion, this is a contradiction in itself, since the
condition of criticality can only bedefinedin the thermodynamic limit, which we try to reach
by our finite-size scaling procedure.

The exponent of the power-law dependence ofσc onK can in fact be estimated on the
basis of simple scaling arguments: the intrachain Coulomb repulsion stiffens the chain on
a length scalelp ∼ K−x . The value of the exponentx is still under discussion, although
different theoretical approaches and experimental [31] observations indicate that 16 x 6 2.
At criticality, the electrostatic energy gain due to localization of a rigid segment of lengthlp
onto the surface is of orderkBT . Using the value ofUS(z = 0) from equation (4) we find
|σc| ∼ Kx+1, in reasonable agreement with our numerical data.

5.4. Adsorbed layer thickness

Finally we consider an important quantity of practical interest—the width of the adsorbed
polyelectrolyte layer. In figure 8(a) we show the measured thickness of the adsorbed layer
and examine its dependence onσ andK. If the chain is adsorbed, the free-end distanceHz
from the substrate should not depend on the chain lengthN . We here define the thickness
of the adsorbed layer as the limiting value ofHz (if it exists) with growing chain lengthN .
The plus signs on the vertical dashed lines in figure 8(a) mark theseHz-values for several
values ofσ . Indeed, in nearly all cases the data for different chain lengthsN collapse onto
a single point (a plus symbol), demonstrating that an asymptotic value has been found. The
only questionable point is the uppermost plus sign atσ = −3.2 related to the data atK = 2.0.
But from figure 7(a) one can verify that forK = 2.0 we obtainσc = −2.6 which is a weaker
charge than−3.2, so a long enough chain withN > 512 should probably have been used in
the simulation in order to achieve proper adsorption. Unfortunately, such chain lengths are
still beyond our capabilities as regards computational effort, so we assume the valueHz of
N = 512 to be the closest estimate for the layer thickness atσ = −3.2 andK = 2.0.
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Figure 7. (a) The variation of the ratioH 2
z /R

2
g with the surface charge densityσ for polyions of

lengthN = 32, 64, 128, 256 andK = 2.0. The resulting values ofσc for three different linear
charge densities,q = 0.1, 0.4, 1.6, are marked by arrows. (b) A log–log plot ofσc versusK for
three values of the linear charge densityq.

In figure 8(b) we plot the dependence of the layer thickness, measured from figure 8(a),
on the Debye screening lengthK−1. Evidently, forK 6 1 this dependence is qualitatively
in good agreement with the self-consistent-field numerical calculations of Varoqui [8] and
with recent simulational results [15], although our data do not comply with the prediction
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Figure 8. (a) The variation of the polymer end distanceHz from the charged plane with the surface
charge densityσ for chain lengthsN = 32, 64, 128, 256, 512 andK = 0.25, 0.5, 1.0, 2.0 for
q = 0.1. (b) The variation of the measured layer thickness with the Debye screening lengthK−1

at four surface charge densitiesσ , given as a parameter.

by Muthukumar [3] that the adsorption layer thickness should be proportional toK−1. A
simple scaling argument yields rather aK2ν/(1−ν) ≈ K3 law in the small-K limit, which our
data however are unable to reproduce, since our chains are simply too short to allow for a
substantial variation of the layer thickness in the adsorbed state. The argument is similar to the
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one used by Boruchovet al [6], which in essence is the same as the de Gennes scaling theory of
polymer adsorption [32]. The adsorbed layer thicknessHz is determined by the balance of the
conformational entropy loss−1S/kB ≈ N/(Hz/l)1/ν due to chain confinement, and the gain
in energy due to Coulomb attraction to the surface. Assuming a fairly uniform distribution
of monomers in the layer, and cutting off the surface potential on a length scale∼K−1, we
obtain for the attraction free energy1Fattr/(kBT ) ≈ lBqσN/(HzK2). Minimization of the
total free energy then yieldsHz ≈ l0(K2l/(qσ lB))

ν/(1−ν).

6. Conclusions

Polyelectrolytes are fascinating materials that can be studied with the use of Monte Carlo
simulations. We have shown that a continuous model with rather simple potentials allows us
to study in detail polyelectrolyte adsorption and verify some recent theoretical predictions.

In particular, we have shown that the scaling approach of Borisovet al [4] provides a
faithful description of the interaction of polymers chains with charged surfaces at small length
scales. The simulational results reproduce the scaling configurational properties of adsorbed
polyions remarkably well.

We also suggest a finite-size scaling method for the determination of the critical surface
charge density at which the adsorption of the polyion takes place. With it we find a power-law
variation of the critical surface density with the Debye screening length which is within the
range of values for the exponent predicted earlier by Muthukumar [3].

However, despite of these new results a lot of work is still needed if the complex problem of
polyelectrolyte adsorption for screened Debye–Hückel chains (not even considering the richer
physics which arises from the counterion degrees of freedom, like, e.g. Manning condensation)
is to be fully understood. A scaling function, describing faithfully the adsorption transition
in terms of the polyion chain length, the Debye screening length, the electrostatic blob size,
and the surface charge density, can only be constructed if there is a good understanding of the
variation of the persistence length with the Debye length. This problem is complicated and
remains a target for further research.
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Note added in proof. During the production stage of this article we became aware of a recent analytical calculation by
Netz and Joanny [33]. These authors find the adsorption thresholdsσc ∝ K3 or σc ∝ K7/3 in the different parameter
regimes, which is in apparent agreement with our simulational results.
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